Quasi-contraction on a cone metric space  by Ilić, Dejan & Rakočević, Vladimir
Applied Mathematics Letters 22 (2009) 728–731
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
Quasi-contraction on a cone metric spaceI
Dejan Ilić, Vladimir Rakočević ∗
University of Niš, Faculty of Sciences and Mathematics, Department of Mathematics, Višegradska 33, 18000 Niš, Serbia
a r t i c l e i n f o
Article history:
Received 14 September 2007
Accepted 26 August 2008
Keywords:
Cone metric
Fixed point
Quasi-contraction
a b s t r a c t
In this work we define and study quasi-contraction on a cone metric space. For such a
mappingwe prove a fixed point theorem. Among other things,we generalize a recent result
of H. L. Guang and Z. Xian, and the main result of Ćirić is also recovered.
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1. Introduction and preliminaries
Let (X, ρ) be a complete metric space. A map T : X 7→ X such that for some constant λ ∈ (0, 1) and for every x, y ∈ X
d(Tx, Ty) ≤ λ · max {ρ(x, y), ρ(x, Tx), ρ(y, Ty), ρ(x, Ty), ρ(y, Tx)} (1)
is called a quasi-contraction. Let us remark that Ćirić [1] introduced and studied quasi-contraction as one of themost general
contractive type maps. The well known Ćirić [1,2,4] result is that the quasi-contraction T possesses a unique fixed point.
Huang and Zhang [3] have replaced the real numbers by an ordered Banach space and defined a cone metric space. They
have proved some fixed point theorems for contractive mappings on cone metric spaces. In this work we define and study
quasi-contraction on a cone metric space. For such a mapping we prove a fixed point theorem. Among other things, we
generalize a recent result of H. L. Guang and Z. Xian, and the main result of Ćirić is also recovered.
Let E be a real Banach space and P a subset of E. P is called a cone if and only if:
(i) P is closed, nonempty, and P 6= {0},
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P H⇒ ax+ by ∈ P ,
(iii) x ∈ P and−x ∈ P H⇒ x = 0.
Given a cone P ⊂ E, we define a partial ordering ≤ with respect to P by x ≤ y if and only if y − x ∈ P . We shall write
x < y if x ≤ y and x 6= y; we shall write x y if y− x ∈ int P , where int P denotes the interior of P .
The cone P is called normal if there is a number K > 0 such that for all x, y ∈ E,
0 ≤ x ≤ y implies ‖x‖ ≤ K‖y‖.
Definition 1.1. Let X be a nonempty set. Suppose the mapping d : X × X 7→ E satisfies:
(d1) 0 ≤ d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y ∈ X;
(d3) d(x, y) ≤ d(x, z)+ d(z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X , and (X, d) is called a cone metric space.
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For F ⊂ E, we define δ(F) = sup{‖x‖ : x ∈ F}.
Let xn be a sequence in X , and x ∈ X . If for every c ∈ E with 0 c there is n0 ∈ N such that for all n > n0, d(xn, x) c ,
then xn is said to be convergent, and xn converges to x, and we denote this by limn xn = x, or xn → x, (n→∞). If for every
c ∈ E with 0  c there is n0 ∈ N such that for all n,m > n0, d(xn, xm)  c , then xn is called a Cauchy sequence in X . If
every Cauchy sequence is convergent in X , then X is called a complete cone metric space.
Let us recall [3] that if P is a normal cone then xn ∈ X converges to x ∈ X if and only if d(xn, x) → 0, n → ∞. Further,
xn ∈ X is a Cauchy sequence if and only if d(xn, xm)→ 0, n,m→∞.
If E is a real Banach space with cone P and if a ≤ λa where a ∈ P and 0 < λ < 1, then a = 0. The condition a ≤ λa
means that λa − a ∈ P, i.e., − (1− λ) a ∈ P . Since a ∈ P and 1 − λ > 0, then also (1− λ) a ∈ P . Thus we have
(1− λ) a ∈ P ∩ (−P) = {0}; hence a = 0.
Let (X, d) be a cone metric space. Then:
If o ≤ x ≤ y, and a ≥ 0, then it is easy to prove that 0 ≤ ax ≤ ay.
If 0 ≤ xn ≤ yn for each n ∈ N, and limn xn = x, limn yn = y, then 0 ≤ x ≤ y.
In the next definition we define quasi-contraction on a cone metric space. Such a mapping is a generalization of Ćirić’s
quasi-contraction.
Definition 1.2. Let (X, d) be a cone metric space. A map f : X 7→ X such that for some constant λ ∈ (0, 1) and for every
x, y ∈ X , there exists u ∈ C(f , x, y) ≡ {d(x, y), d(x, fx), d(y, fy), d(x, fy), d(y, fx)}, such that
d(fx, fy) ≤ λ · u, (2)
is called quasi-contraction.
If f : X 7→ X , and n ∈ N, we set
O(x; n) = {x, fx, f 2x, . . . , f nx} ,
and
O(x;∞) = {x, fx, f 2x, . . .} .
2. Main results
We start with the next auxiliary result.
Lemma 2.1. Let (X, d) be a cone metric space and P be a normal cone, Let f : X 7→ X be a quasi-contraction. Then, there exists
n0 ∈ N such that for every n > n0,
δ(O(x; n)) = max {∥∥d(x, f lx)∥∥ , ∥∥d(f ix, f jx)∥∥ : 1 ≤ l ≤ n, 1 ≤ i, j ≤ n0} (3)
and
δ(O(x,∞)) ≤ max
{
K
1− K 2λn0
∥∥d(x, f n0+1x)∥∥ , λKδ(O(x; n0)), ∥∥d(x, f lx)∥∥ : 1 ≤ l ≤ n0} . (4)
Proof. Let n0 ∈ N be such that max{λn0K , λn0K 2} < 1. Choose i, j ∈ N such that n0 < i < j ≤ n. There exists
s1 ∈ C(f , f i−1x, f j−1x) such that
d(f ix, f jx) ≤ λ · s1.
Furthermore, there exists s2 ∈ {d(a, b) : a, b ∈ O(x; n)} such that s1 ≤ λs2. Hence,
d(f ix, f jx) ≤ λ2s2.
We conclude that
d(f ix, f jx) ≤ λn0sn0 ,
for some sn0 ∈ {d(a, b) : a, b ∈ O(x; n)}. Now,
‖d(f ix, f jx)‖ ≤ λn0 · K‖sn0‖ < ‖sn0‖ ≤ δ(O(x; n)).
Hence, (3) follows immediately.
To prove (4), note that for 1 ≤ i < j ≤ n0,
d(f ix, f jx) ≤ λs1,
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for some s1 ∈ {d(a, b) : a, b ∈ O(x; n0)}. Hence,
‖d(f ix, f jx)‖ ≤ λKδ(O(x; n0)).
So, if δ(O(x, n)) = ‖d(f ix, f jx)‖, for some 1 ≤ i < j ≤ n0, then δ(O(x; n)) ≤ λKδ(O(x; n0))
Also, for n0 < l ≤ n
d(x, f lx) ≤ d(x, f n0+1x)+ d(f n0+1x, f lx),
which implies that
‖d(x, f lx)‖ ≤ K‖d(x, f n0+1x)‖ + λn0K 2δ(O(x; n)).
Hence, if δ(O(x; n)) = ‖d(x, f lx)‖, for some n0 < l ≤ n, then
δ(O(x; n)) ≤ K
1− λn0K 2 ·
∥∥d(x, f n0+1x)∥∥ ,
and we obtain (4). 
Theorem 2.1. Let (X, d) be a complete cone metric space and P be a normal cone. Suppose the mapping f : X 7→ X is a quasi-
contraction. Then f has a unique fixed point in X and for any x ∈ X, the iterative sequence {f nx} converges to the fixed point.
Proof. Let x be a arbitrary point of X . We shall prove that {f nx} is a Cauchy sequence. We have that
d(f nx, f n−1x) ≤ λsn,n−1,
where
sn,n−1 ∈
{
d(f nx, f n−1x), d(f nx, f n−2x), d(f n−1x, f n−2x)
}
.
Furthermore,
d(f nx, f n−2x) ≤ λsn,n−2,
for
sn,n−2 ∈
{
d(f nx, f n−1x), d(f nx, f n−3x), d(f n−1x, f n−2x),
d(f n−1x, f n−3x), d(f n−2x, f n−3x)
}
,
and
d(f n−1x, f n−2x) ≤ λsn−1,n−2,
where sn−1,n−2 ∈ {d(f n−1x, f n−2x), d(f n−1x, f n−3x), d(f n−2x, f n−3x)}.
So,
d(f nx, f n−1x) ≤ λ2s(2)n,n−1,
where s(2)n,n−1 is an element of {d(f nx, f n−1x), d(f nx, f n−2x), d(f nx, f n−3x), d(f n−1x, f n−2x), d(f n−1x, f n−3x), d(f n−2x, f n−3x)}.
We continue in the same way, and after n− 1 steps we get
d(f nx, f n−1x) ≤ λn−1s(n−1)n,n−1, (5)
where s(n−1)n,n−1 is an element of ∪n−1j=0 ∪ni=j+1{d(f n−jx, f n−ix)}.
Now, form > n, we have
d(f nx, f mx) ≤ d(f nx, f n+1x)+ d(f n+1x, f n+2x)+ · · · + d(f m−1x, f mx)
=
m−n−1∑
k=0
d(f n+kx, f n+k+1x)
≤
m−n−1∑
k=0
λn+ks(n+k)n+k+1,n+k.
Thus∥∥d(f nx, f mx)∥∥ ≤ Kλn ∥∥∥∥∥m−n−1∑
k=0
λks(n+k)n+k+1,n+k
∥∥∥∥∥
≤ K λ
n
1− λ · δ(O(x,∞)),
and {f nx} is a Cauchy sequence. Thus, there exists y ∈ X such that limn→∞ f nx = y.
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Now, for each n ∈ N, there exists
sn ∈
{
d(f nx, y), d(f n+1x, y), d(f n+1x, f nx), d(fy, f nx), d(fy, y)
}
,
such that
d(y, fy) ≤ d(y, f n+1x)+ d(f n+1x, fy) ≤ d(y, f n+1x)+ λsn. (6)
It is evident that the elements of the sequence {sn} are of the form d(f nx, y), d(f n+1x, y), d(f nx, f n+1x), d(f nx, fy) or d(fy, y).
We shall consider subsequences {sn,i}, i = 1, 2, . . . , 5, of the sequence {sn}, such that all the elements of the sequence
{sn,i}, i = 1, 2, . . . , 5, are of the form, d(f nx, y), d(f n+1x, y), d(f nx, f n+1x), d(f nx, fy) and d(fy, y), respectively. It is clear that
limn sn,i = 0, i = 1, 2, 3, and limn sn,i = d(y, fy), i = 4, 5. Now, by (6), we conclude that d(y, fy) = 0, i.e. fy = y. To prove the
uniqueness of the fixed point, let us suppose that there exists z ∈ X such that fz = z. Then, d(z, y) = d(fz, fy) ≤ λd(z, y),
and so y = z. 
Now, as a corollary, we get the main result of Guang and Xian [3, Theorem 1].
Corollary 2.1. Let (X, d) be a complete cone metric space and P be a normal cone with normal constant K . Suppose the mapping
f : X 7→ X satisfies the contractive condition
d(fx, fy) ≤ λd(x, y), for all x, y ∈ X (7)
where λ ∈ [0, 1) is constant. Then f has a unique fixed point in X and for any x ∈ X, the iterative sequence {f nx} converges to the
fixed point.
Remark 1. Let us remark that in Theorem 2.1, setting E = R, P = [0,∞), ‖x‖ = |x|, x ∈ E, we get the well known Ćirić
result [1] for quasi-contraction.
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